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Classical Nucleation Theory with a Tolman Correction

D. W. Heermann'
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The effect of the Tolman correction for the surface tension of small droplets on
the classical Becker-Doering theory of nucleation is studied near the critical
temperature T,. Also a generalization of the kinetic prefactor is studied together
with this correction. No qualitative change in the very small slope of the curve
of the reduced supercooling as a function of (1 — T)/T, at constant nucleation
rates was found.
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1. INTRODUCTION

Anomalously large supercoolings near the critical point were observed by
various workers for CO,,("IW,? and LW® as they compared their
results with the classical nucleation theory of Becker and Doering. It is now
believed that the origin of this is a critical slowing down of the growth of
droplets of radius greater than the critical radius.¥ Experiments, e.g.,
LW,® were done by visual observation and droplets therefore escape
detection until their radii are much larger than the critical radius. Conse-
quently one may fail to observe nucleation. “A test of nucleation theory
near the critical point must therefore be left to the future” as Goldburg!®
put it.

Tolman‘® in 1949 and more recently Nonnenmacher(” and Vogels-
berg® studied the effect of the droplet size on the surface tension. These
works suggest that the surface tension o should be replaced by
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Fig. 1. Surface free energy F*/kyT. plotted vs. (R/§)* as obtained by Furukawa and
Binder.('> Broken curve is the Tolman corrected surface free energy.

where § is the Tolman parameter. Tolman reported positive values for § for
water in the temperature range 10-50° C of about 1A. Figure 1 shows a fit
with 8 equal to the correlation length of the Tolman corrected surface free
energy on Monte Carlo data of the three-dimensional lattice gas model by
Furukawa and Binder.(!> Indication that 8 can be negative was found by
Franke(® based on Monte Carlo simulations of the surface tension of the
two-dimensional square lattice percolation clusters.

We will include the Tolman correction for the surface tension in the
classical Becker—Doering theory of nucleation, as well as in a generalized
form of this theory and study its influence on the reduced supercooling
near 7,. It is hoped that future experiments to determine the true nucle-
ation rate by Goldburg and collaborators(!? as well as Monte Carlo studies
of the nucleation rate in the three-dimensional Ising model'V will make it
possible to determine quantitatively the phenomenological parameter enter-
ing the Tolman formula.

2. THE CRITICAL RADIUS AND THE NUCLEATION BARRIER

In the classical Becker—-Doering theory of homogeneous nucleation the
free energy for formation of a spherical droplet is given by

AF, = 4ar’s — $ar’Apdp 2.0
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Sp being the difference in the chemical potential between the super-
saturated vapor and the two-phase equilibrium state at the given average
density, and Ap the difference between the equilibrium densities corre-
sponding to the liquid and vapor. AF  has a maximum at

2
rh = —Apgp (22)
the critical radius and the height of the nucleation barrier is
16 wa®
(AFy)* = = (23)
3 (Apbpy’
Replacing o by o(1 + 8/7)~! in Eq. (2.1) we get
AF =4ar’(1+ 8/r)”" ~ 4ar’Apdp 24)

The critical radius for AF is now found to be

¢+ [(SApé‘p, + a)o}l/2
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r o3 0 (2.5)
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Fig. 2a,b. Plots of the ratio of the Tolman corrected critical radius r* and the classical

critical radius r} versus y and z.
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With this definition and with the transformation z = (1 + y)"/? we can
transform Eq. (2.5) to

= _0O =
r¥ = Rpd R-2)z+D)=3r52—2)(z+ 1) (2.7)
where z €[0,2] and y €[~ 1,3]. Figures 2a,b show the ratio r*/r¥ as a
function of z and y. The effect of positive § is to reduce the value of the
critical radius. For negative 8 the ratio is always greater or equal to 1 and
has a maximum at z = 1. The height of the nucleation barrier now becomes

(AFY* = LAF)*(z — )z + 1)
= (AF )*(r*/r&)(z — 2)° (2.8)

Figures 3a, b show the ratio (AF)*/(AF_)*. We see that a positive § reduces
the height of the nucleation barrier. On the other hand, negative § increases
the nucleation barrier as much as four times.
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Fig. 3a,b. Plots of the ratio of the Tolman corrected nucleation barrier (AF)* and the
classical nucleation barrier (AF))* versus y and z.
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3. THE PARAMETER Y

We assume that
§=C¢ (3.1

where £ is the correlation length. We expect C to approach a constant in
the critical region. In Eq. (2.6) we defined y = §Apdu /0. With the above
assumption y can be rewritten as

y=C é Apbp. (3.2)
Using the first approximation
ap
du===) 6
b= (5 ) o
and
dp
Sp= 3T 8T (3.3)
we obtain
_~§(3pmY (0
y= c;( - )T( aT)ApBT (3.4)

Near the critical temperature 7, we can use the Fisk-Widom universal
amplitude ratio!? ¢ in Eq. (3.4):

B = LI (3.5)

[0][£][ £]

[o] being the amplitude of the surface tension, [Ap] of the density differ-
ence, [g] of the inverse isothermal compressibility, and [£] of the correlation
length near T,. 8 is the critical exponent characterizing the density differ-
ence near 7,.. With this amplitude ratio then

1 ér

7=C%p AT,

(3.6)

where 87T/AT,, is the reduced supercooling. Binder'» found B% =
0.092 + 0.005 for the universal constant of the surface tension. Using 8 =
0.34 we get

_ 8T
y=C18521

cx
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or in the notation

- 0T
YT AT,
y=C185x 3.7)

For positive § we found that y €[1,3]- y = 3 is the limit because then the
critical radius is zero. It follows that the reduced supercooling is limited by

x < LCQ (3.8)

in this theory (in other words the Tolman correction breaks down for larger
supercoolings) and for negative 6 (y €10, 1])

0.54

4. THE REDUCED SUPERCOOLING

We compute now the reduced supercooling. Following the notation of
Langer and Schwartz{'¥ we have

(BF)* _ (2 )2 @l

where

3 d a 2
<3 = Gtm 7 C0/00) (42)
3B% kyT.(Ap)

x, is believed to be a universal constant and the work of Binder¢'? showed
that x, = 1.14 = 0.1. The nucleation rate / in the classical Becker—Doering
theory is then

I _ ;BD.» [ X0\
v =J ecxexp[ ( o ) ] 4.3)

where

and »’ a critical exponent assumed to be equal to 0.63 in this theory. The
value for J 22 is given in Table 1. There are some doubts about the kinetical
prefactor, therefore we generalize the prefactor to

J BD€ g’
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Table I. Values of Various Parameters. The Parameters ¢ and &
are based on CO, as well as J 5P,

%o 114 £ 0.1 Binder(19
B% 0.092 + 0.005 Binder!!?
74 0.63

jBP 581 X 10> em~3sec™!

a(l/V=1) 0.1308 °K

a(I/V =10% 0.1401 °K

b(I/V=1) 0.0081 °K

bUI/V =10  00095°K

with a free parameter g. Substituting AF for AF, in Eq. (4.3) and solving
for the reduced supercooling one obtains

1 4+e_ 1 1272
x=m{[T€¢5(e2+4e) ]—1} (4.4)

with
) (1+ gblnecx)l/2

e

~ C185 a
a= all - (4.5)
[In(VI52/1)]
vl

b= — 2
In(VI®P /1)

Values for the parameters a and b for different ratios 7/ ¥V are listed in
Table I. For positive 8§ we have to take the minus sign and for negative é
the plus sign in Eq. (4.4). In the limit 6 — 0 we find the classical result

x=—2>_° 4.6
(1+ gblnecx)l/2 (*9)

In formula (4.4) we neglected the correction to the prefactor

JBD[(Z - 2)22]1/2
which can be shown to be negligible.

From the Figures 4a,b,c,d it is seen that the introduction of the
Tolman correction in the classical and generalized version of the nucleation
theory does not result in a qualitative change in the slope of the curve of
the reduced supercooling as a function of €, at constant nucleation rates.
The Tolman parameter § therefore seems to be a suitable parameter to fit
future measurements on nucleation rates.
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Fig. 4a,b,c,d. Plot of the reduced supercooling x versus ¢, = (7. — T)/ T, for various
positive values of the Tolman parameter for I/ ¥ =1 (part a) and I/ ¥V = 10° (part b). Plot of
the reduced supercooling x versus ¢, = (T, — T)7, for various negative values of the Tolman
parameter for the classical prefactor (part ¢) and the generalized prefactor (part d).



640 Heermann

ACKNOWLEDGMENTS
I wish to thank D. Stauffer and W. Klein for stimulating discussions.

REFERENCES

. J. S. Huang, W. I. Goldburg, and M. R. Moldover, Phys. Rev. Lett. 34:639 (1975).

. R. G. Howland, N. C. Wang, and C. M. Knobler, J. Chem. Phys. 73:522 (1980).

. A.J. Schwartz, S. Krishnamurthy, and W. 1. Goldburg, Phys. Rev. A 21:1331 (1980).

. K. Binder and D. Stauffer, Adv. Phys. 25:343 (1976).

. W. L. Goldburg, in Scattering Techniques Applied to Supramolecular and Nonequilibrium
Systems, Sow-Hsin Chen, Benjamin Chu, and Ralph Nossal, eds. (Plenum Press, New
York, 1981).

6. R. C. Tolman, J. Chem. Phys. 17:3 (1949).
7. T. F. Nonnenmacher, Chem. Phys. Lett. 47:3 (1977).
8. W. Vogelsberg, Chem. Phys. Lett. 74:1 (1980).

9. H. Franke, Phys. Rev. B 25:2040 (1982).

10. Private communication.

11. D. Stauffer, A. Coniglio, and D. W. Heermann, preprint (1982); D. W. Heermann,

A. Coniglio, W. Klein, and D. Stauffer, in preparation.

12. S. Fisk and B. Widom, J. Chem. Phys. 50:3219 (1969).

13. K. Binder, Phys. Rev. A 25:1699 (1982).

14. J. S. Langer and A. J. Schwartz, Phys. Rev. A 21:2147 (1980).

15. H. Furukawa and K. Binder, preprint.

(S N S



